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Abstract
It is known that if F is a free group and R is a normal subgroup such that F/R is an inﬁnite group,
then the Schur multiplier ofF/c(R) is not ﬁnitely generated for all c > 1. It is an interesting question,
if R, S are two normal subgroups of the free group F, when F/[R, S] is ﬁnitely presented, and when
is its Schur multiplier ﬁnitely generated.We show for most cases (including the cases already known)
that if F/RS is inﬁnite then the Schur multiplier of F/[R, S] is not ﬁnitely generated.We believe this
is true in general. On the other hand if R, S are normally ﬁnitely generated and RS is of ﬁnite index,
then F/[R, S] is ﬁnitely presented.
© 2004 Elsevier B.V. All rights reserved.
MSC: Primary: 20F05; secondary: 20F12
1. Introduction
In [3] the following theorem was proved:
Theorem 1.1 (Baumslag, Strebel, Thomson). Let F be a free group, R a non-trivial nor-
mal subgroup of F and c > 1 an integer. If F/R is inﬁnite, then the Schur multiplier,
H2(F/cR,Z), of F/cR has a free abelian direct summand of rank |F/R| and so in
particular F/cR is not ﬁnitely related.
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A natural question arises: suppose that R, S are non-trivial normal subgroups of F. What
can be said about F/[R, S]? It is easy to see that if a group H has two ﬁnitely generated
subgroups, H1, H2, such that the subgroup generated by H1 and H2 is of ﬁnite index, and
R1, R2 are their respective normal closures inH, then [R1, R2] is normally generated by the
commutators [xhki , yj ] where {xi} is a generating set of H1, {yj } is a generating set of H2,
and {hk} are coset representatives of the subgroup generated by H1 and H2 in H. In fact,
it is as easy to see that if R1, R2 are normally ﬁnitely generated normal subgroups of the
ﬁnitely generated group H such that R1R2 is of ﬁnite index in H, then there exist ﬁnitely
generated subgroupsH1, H2 such thatRi is the normal closure ofHi andH1∪H2 generates
R1R2. If, for example, we take F = F1 ∗ F2 to be the free product of two ﬁnitely gener-
ated free groups, and R, S are the normal closures of F1, F2, we can see that even if F/R
and F/S are inﬁnite, then [R, S] might still be normally ﬁnitely generated. Thus we have
shown.
Lemma 1.2. Let R and S be normally ﬁnitely generated normal subgroups of the ﬁnitely
generated free group F, such that RS is of ﬁnite index in F. Then F/[R, S] is ﬁnitely
presented.
Can [F,R] be normally ﬁnitely generated when R is not? Equivalently, can a group
which is not ﬁnitely presented have a ﬁnitely presented central extension? The answer in
general is positive, as can be seen by an example of Abels [2], who constructed a ﬁnitely
presented solvable group with a non-ﬁnitely generated center. This constitutes a positive
answer since quite generally, ifG is a ﬁnitely generated group with a non-ﬁnitely generated
central subgroup A, then G/A is not ﬁnitely presented, and even the Schur multiplier of
G/A is not ﬁnitely generated.
However, a result of Groves [4] shows that this cannot happen if F/R is metabelian.
Indeed, it was shown in [4] that a ﬁnitely presented center-by-metabelian group has a ﬁnitely
generated center. Thus, any quotient by a central subgroup will still be ﬁnitely presented. If
F/R is metabelian, then F/[R,F ] is center-by-metabelian, and R/[R,F ] is central in it.
If F/[R,F ] were ﬁnitely presented, then F/R would be too.
This investigation started when we tried to prove that if R, S are nontrivial normal sub-
groups of a free group F such that F/RS is inﬁnite then the Schur multiplier of F/[R, S]
is not ﬁnitely generated. We show that in most cases, including the cases proved in [3], this
is indeed true (and in fact the Schur multiplier has a free abelian direct summand of rank
|F/RS|), but in full generality the result is still unproved.
The result that is proved is as follows. Let H = RS, then there exist maximal numbers
n,m such that R ⊆ m(H) and S ⊆ n(H). Since H is free, and hence H 
= H ′, it is not
possible that both R and S are contained in H ′. Thus we can assume without loss of gener-
ality that m= 1. The pair R, S will be called exceptional if the following three conditions
hold:
(1) F/H does not have a non-trivial torsion-free nilpotent image of the same cardinality
as F/H .
(2) S ⊆ n+1(F ).
(3) n(H)/Sn+1(H) is not ﬁnitely generated.
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Theorem 1.3. Let F be a free group, R and S be non-trivial normal subgroups of F. Let
H =RS. If F/H is inﬁnite, and the pair R, S is not exceptional, then the Schur multiplier
H2(F/[R, S],Z) of F/[R, S] has a free abelian direct summand of rank |F/RS| and so in
particular F/[R, S] is not ﬁnitely related.
We claim that if c1 then the pair R, c(R) is not exceptional, which shows that our
result contains Theorem 1.1. Indeed, in this case H = R. If F/R has a non-trivial torsion-
free nilpotent image of the same cardinality as F/R the pair is not exceptional. If F/R
does not have such an image and F is ﬁnitely generated then RF ′ must be of ﬁnite in-
dex in F. This obviously implies that c(R) is not contained in c+1(F ), so the pair is not
exceptional. In the general case, if F/R does not have a non-trivial torsion-free nilpotent
image of the same cardinality as F/R, then RF ′/F ′ cannot be cyclic, so R contains two
elements whose images modulo F ′ are independent. Clearly, any non-trivial commutator of
weight c in these two elements will not be in c+1(F ), so once again c(R) is not contained
in c+1(F ).
An example of a case not included in Theorem 1.1 is [U ′, V ′], where U and V are any
non-trivial normal subgroups of F.
Recently, a similar result was proved [1] in the Lie algebra case, namely that if L is a
free Lie algebra over a ﬁeld, and I, J are proper, non-trivial ideals, such that I + J 
= L,
then the Schur multiplier, H2(L/[I, J ], k), of L/[I, J ] is not ﬁnite dimensional, and so in
particular, L/[I, J ] is not ﬁnitely presented.
Notation will be established in Section 2. Since a non-exceptional pair does not satisfy
at least one of three conditions, in Sections 3–5 we take the conditions in order, and show
that if the previous conditions are satisﬁed, but the current one is not, then Theorem 1.3
is true.
2. Notation
Suppose 1 → R → F → G→ 1 is an exact sequence of groups where F is a free group
with basis X. If ZF is the group ring of F, we use  to denote the augmentation ideal of
ZF . The Magnus embedding is a map  : Rab → ⊗FZG given by (rR′)= (r − 1)⊗ 1.
A beautiful theorem of Magnus [5] shows that  is a G-module embedding, where G acts
by conjugation on R, and by multiplication on the right on ⊗FZG. We will need more
complicated embeddings, which are in some sense ‘higher Magnus embeddings’. These
maps have been utilized already in [3]. For any n> 0 this is a map
n : n(R)/n+1(R)→ (⊗FZG)⊗n,
where the external tensor is over Z and G acts diagonally. In what follows, all unadorned
tensor products will be over Z, and the resulting modules will have diagonal action.
In fact, n(R)/n+1(R) can be identiﬁed as the nth homogenous component of the ‘free’
Lie algebra over the abelian group Rab and this Lie algebra has a natural Lie algebra
homomorphism into the tensor algebra (over Z) of ⊗FZG which extends the Magnus
embedding ofRab in ⊗FZG. The restriction of this map to n(R)/n+1(R) is n. It is easy
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to see that if a ∈ j (R), b ∈ n−j (R) then
n([a, b])= j (a)⊗ n−j (b)− n−j (b)⊗ j (a).
Here we have abused notations: a, b, [a, b] should be their respective classes in the
appropriate quotient groups. Similar abuse will be used below, and we will not mention
it again.
The various Magnus embeddings are natural in the following sense: ifU ⊆ V are normal






As was shown in [3], n is an embedding. Note that ⊗FZG is a free G-module with a
basis corresponding to X, so that in many cases we will employ projections xi1 ,xi2 ,...,xin :
(⊗FZG)⊗n → (ZG)⊗n, where the projections are according to the corresponding co-
ordinates.
There will be use of an isomorphism  : (ZG)⊗n⊗FZ ≈ (ZG)⊗n−1 which is be given
by
a1 ⊗ · · · ⊗ an−1 ⊗ an ⊗ 1 → (a1 ⊗ · · · ⊗ an−1)a′n,
where ′ denotes the anti-automorphism of the group ring that sends each group element to
its inverse, and the action of a′n is the diagonal action.
Thus, if we assume that R ⊆ m(H), S ⊆ n(H), for some normal subgroup H, and set
Q = F/H , then since [R, S] ⊆ n+m(H) we have a mapping  : [R, S]/[[R, S], F ] →
n+m(H)/n+m+1(H)⊗FZ, and hence can construct a mapping
n+mxi1 ,...,xin+m = ((xi1 ,...,xin+m
n+m)⊗ 1) :
[R, S]/[[R, S], F ] → (ZQ)⊗n+m−1.
Since H2(F/[R, S]) ≈ [R, S]/[[R, S], F ], if we show that the image of n+mxi1 ,...,xin+m has
a subgroup that is a free abelian group of rank |F/RS| we will be done.
3. Torsion-free, nilpotent image
In this section we assume that RS has a non-trivial, torsion-free nilpotent image, of the
same cardinality as F/RS, i.e. there is a normal subgroup H1 such that RS ⊆ H1, F/H1
is non-trivial, torsion-free nilpotent, and |F/RS| = |F/H1|. In the ﬁnitely generated case
this amounts to assuming that F/RS has an inﬁnite cyclic image.
LetQ= F/H1. Since H1 is also a free group, and hence residually nilpotent, there exist
integers n and m such that R ⊆ m(H1) but Rm+1(H1). Similarly, S ⊆ n(H1) but
Sn+1(H1). In fact, we can assume that m = 1. Indeed, if RSF ′, then RSH ′1. On
the other hand, if RS ⊆ F ′, then there is a maximal l such that RS ⊆ l (F ). If we take
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H1=l (F ), then once againRS ⊆ H1,F/H1 is non-trivial, torsion-free nilpotent,RSH ′1,
and |F/RS| = |Q|. Thus, since we can assume that RSH ′1, we can assume, without loss
of generality, that RH ′1, i.e. m= 1. Since the mappings  and n : n(H1)/n+1(H1)→
(⊗FZQ)⊗n are embeddings, there is a projection xi1 and an element a ∈ R such that
xi1(a) 




Consider now the mapping n+1xi1 ,...,xin+1 . Let
= xi1(a), 	= xi2 ,xi3 ,...,xin+1n(b), 1 = xin+1(a)
and
	1 = xi1 ,xi2 ,...,xinn(b).
Notice that if g ∈ F then xi1(ag)= g. Similarly, xin+1(ag)= 1g. Recall that in fact
we are interested in the modules after tensoring with Z over F. Thus, we will be interested




ci1 ⊗ ci2 ⊗ · · · ⊗ cin,
then
[ag, b] ⊗ 1 →
∑
i
(g ⊗ ci1 ⊗ ci2 ⊗ · · · ⊗ cin−1)(cin)′ − 	1g−1′1.
SinceQ is torsion free nilpotent, it admits a linear ordering which is compatible with both
left and right multiplication inQ [6]. This obviously deﬁnes a lexicographic ordering on the
basis of the free abelian group (ZQ)⊗n, which consists of elements q1⊗ · · · ⊗ qn, qi ∈ Q.
Since 	1 
= 0, then 	1 =
∑
i nivi , where vi are basis elements, and vi < vj for i < j .
Since the ordering is compatible with multiplication, if ′1 =
∑
mjwj where wj ∈ Q and
again wi <wj for i < j , then v1g−1w1 will be a basis element that will be smaller than
all other basis elements appearing in 	1g−1′1. Thus 	1g−1′1 
= 0, for all g. From here
on, we will think of g as an element of Q, since H1 acts trivially. We now wish to show
that the image of [ag, b] ⊗ 1 is non zero for a set of values of g of the same cardinality as
|Q|. If the image is zero, then there must be some cancellation of basis elements between∑
i (g ⊗ ci1 ⊗ ci2 ⊗ · · · ⊗ cin−1)(cin)′ and 	1g−1′1. Consider the co-ordinate of the ﬁrst
factor in the tensor product. If there is cancellation, then we must have the same element
of Q appear in both values. The ﬁrst co-ordinate of∑i (g ⊗ ci1 ⊗ ci2 ⊗ · · · ⊗ cin−1)(cin)′
is of the form g(cin)′. The ﬁrst co-ordinate of 	1g−1′1 will be of the form dig−1′1. Since
, 1, and all of the elements cim, di have ﬁnite support in ZQ, we know that the ﬁrst co-
ordinates are sums of values of the form a1ga2 or a3g−1a4, respectively,where a1, a2, a3, a4
come from a ﬁnite set of elements of Q. In other words, for there to be cancellation, we
must have the relation gcgd = 1, where c, d can take on only a ﬁnite set of values (here
c=a2a−14 , d=a−13 a1). Let cmin, cmax be the smallest and largest possible values of either c
or d. Then, either gc1 and gd1, from which we deduce that cg−1d, or gc1 and
gd1, fromwhichwe can deduce that dg−1c. In either casewe ﬁnd cmaxg−1cmin.
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However, for each h ∈ Q, if h> 1 then setting g= (hcmax)−1 gives g−1>cmax and if h< 1
then setting g = (hcmin)−1 gives g−1<cmin. Hence, for all h 
= 1, we ﬁnd a distinct value
of g that does not satisfy cmaxg−1cmin. Thus, the set of elements g such that the image
of [ag, b] ⊗ 1 is non-zero has the required cardinality.
Denote the image of [ag, b]⊗1 by 
g . If we let g range over all the elements ofQ, wewish
to show that these images generate a free abelian group of rank equal to |Q|. Consider how
there might be cancellation of basis elements between 
g and 
h. If there is cancellation, it
also occurs in each co-ordinate. A co-ordinate of 
g will be an element of the form a1ga2
or a3g−1a4, where a1, a2, a3, a4 can take on only a ﬁnite set of values. The same is true
for h, and hence, for a speciﬁc g there can be cancellation between 
g and 
h for only a
ﬁnite set of elements h. Thus, the image must contain an abelian group of rank equal to
|Q| = |F/RS|.
4. Sn+1(F)
In this section we assume that F/RS does not have a non-trivial, torsion-free nilpotent
image of the cardinality of F/RS, and we add the assumption that Sn+1(F ), where n is
the maximal number such that S ⊆ n(RS). From the ﬁrst hypothesis, we can assume that
RF ′, and RSF ′/F ′ is not cyclic. Let H = RS and G= F/H .
Let b ∈ S be such that b /∈ n+1(F ). Obviously, b /∈ n+1(H). Let 0 : F/F ′ →
⊗FZZd , where d is the rank of F, be the Magnus embedding for the trivial group.
When we consider the mapping n0 : n(F )/n+1(F )→ (Zd)⊗n, we know that n0(b) 
= 0,
thus there is a projection xi1 ,...,xin such that xi1 ,...,xinn0(b) 
= 0. We can now take a ∈ R
such that a=y&u, where u ∈ F ′ and y is a basis element distinct from xin . Indeed, ifRF ′/F ′
is not cyclic, this is clearly possible. Thus we can assume SF ′, i.e. n = 1. Since RF ′ is
cyclic, we can ﬁnd a basis X such that x&1u ∈ R and xk2v ∈ S, where u, v ∈ F ′. This shows
that we can ﬁnd an element a as described above.
Consider the mapping n+1y,xi1 ,...,xin , and the images, {
g}, of
{[ag, b] : g ∈ G}.
First we show that 
g 
= 0 for all g ∈ G. Indeed, if  is the usual augmentation mapping
 : ZG→ Z, then we have the projection n : (ZG)⊗n → Z, which satisﬁes (and is deﬁned
by)




It is obviously enough to show that n(
g) 
= 0.
Note that y(ag)= (&+v1)g, xin(ag)=v2g, where & 
= 0 and v1, v2 ∈ (ZG). Thus,





bi2 ⊗ · · · ⊗ bin+1,
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then from the fact that xi1 ,...,xin
n
0(b) 








Note that (a′)= (a).






((&+ v1)g ⊗ bi2 ⊗ · · · ⊗ bin)(bin+1)′ − 	1g−1v′2









As we have shown that 
g 
= 0, it remains to show that the images {
g} generate a free
abelian group of rank |G|. In a similar fashion to that used in Section 2, for any cancellation
to occur between 
g and 
h, there must be cancellation between basis elements of (ZG)⊗n,
and in particular, in their ﬁrst co-ordinate. The ﬁrst co-ordinate will be of the form cgd
or cg−1d, where c, d ∈ G can have only a ﬁnite number of values. Thus, there can be
cancellation between 
g and 
h only if we have an equality of the form a1ga2 = a3ha4
or a1ga2 = a3h−1a4, where ai ∈ G can take on only a ﬁnite set of values. Thus, for any
speciﬁc g, there can be cancellation with 
h only for a ﬁnite set of values of h. Therefore,
the values 
g generate a free abelian group of rank |G|.
5. n(H)/Sn+1(H) is ﬁnitely generated
LetH=RS,G=F/H . In this section we assume thatG is inﬁnite, and has no non-trivial
torsion-free nilpotent images of cardinality |G|, so that HF ′. In addition we assume that
S ⊆ n+1(F ), wheren is themaximal number such thatS ⊆ n(H), so in particularweknow
that S ⊆ F ′. Thus, we can assume that RF ′. Finally, we assume that n(H)/Sn+1(H)
is ﬁnitely generated.
In this case, consider n+1(H). Obviously, [R, S] ⊆ n+1(H). We already know that
this group is not normally ﬁnitely generated, and in fact H2(F/n+1(H)) is not ﬁnitely
generated. From the short exact sequence
1 → n+1(H)/[R, S] → F/[R, S] → F/n+1(H)→ 1
we get the exact sequence
H2(F/[R, S])→ H2(F/n+1(H))
→ n+1(H)/([R, S][n+1(H), F ]).
It is enough to show that ker() has an image that is a free abelian group of rank |G|. To
accomplish this, it is enough to take a sub-group ofH2(F/n+1(H)) that has a free abelian
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image of rank |G|, and show that its image in n+1(H)/([R, S][n+1(H), F ]) is ﬁnitely
generated. For this, consider the mapping  : n(H)/n+1(H) → H2(F/n+1(H)), given
by (h)=[h, r0], where r0=xn1w, r0 ∈ R, n 
= 0, w ∈ F ′. We know that such an r0 exists,
since RF ′. It is quite easy to see that  is a group homomorphism (though note that it is
not a homomorphism of F modules). Indeed, obviously (1)= 1. Also,
(h1h2)= [h1h2, r0] = [h2, r0]h1 [h1, r0] ≡ [h1, r0][h2, r0],
sinceH2(F/n+1(H)) is abelian and the action of F on it is trivial. Finally, if h ∈ n+1(H)
then [h, r0] ∈ n+2(H) ⊆ [n+1(H), F ].
Since there exists an element h ∈ n(H) such that the images of {[hg, r0] : g ∈ G}
have an image that is a free abelian group of rank |G| (see [3]), this is obviously true also
for (n(H)/n+1(H)). Thus it is enough to show that (n(H)/n+1(H)) is ﬁnitely
generated. However, obviously Sn+1(H) ∈ ker(), so(n(H)/n+1(H)) is an image
of n(H)/Sn+1(H), which is ﬁnitely generated.
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